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ABSTRACT. We consider the Kisin variety associated to a n-dimensional
absolutely irreducible mod p Galois representation p of a p-adic field K
togther with a cocharacter p. Kisin conjectured that the Kisin variety is
connected in this case. We show that Kisin’s conjecture holds if K is totally
ramified with n = 3 or p is of a very particular form. As an application,
we get a connectedness result for the deformation ring associated to p of
given Hodge-Tate weights. We also give counterexamples to show Kisin’s
conjecture does not hold in general.

1. INTRODUCTION

Let K be a finite extension of Q, with p > 2. Let 5 : 'y — GL,(F) be a
n-dimensional continuous representation of the absolute Galois group 'k over
F for some n € N, and where F is a finite field of characteristic p. Kisin con-
structed in [31] a projective scheme C,,(p) over F which parametrizes the finite
flat group schemes over O with generic fiber p satisfying some determinant
condition determined by p. These varieties were later called Kisin varieties by
Pappas and Rapoport ([44]). Kisin showed in [31] that the set of connected com-
ponents m(C,(p)) of the Kisin variety is in bijection with the set of connected
components of the generic fiber of the flat deformation ring of p with condition
on Hodge-Tate weights related to pu. Moreover, Kisin determined mo(C\(p))
when K is totally ramified over Q, with p two dimensional and gave applica-
tion to modularity lifting theorem for two-dimensional p-adic representations
of the Galois group of Q, which is a generalization of the well known Wiles
[52] and Taylor-Wiles [49] methods. Extending Kisin’s work, Gee also proved a
modularity lifting theorem in [17] for totally real field by studying the connected
components of some Kisin variety. Recently, Calegari and Geraghty developed
new methods and proved modularity lifting theorems for a large number of new
cases ([3]).

Besides modularity lifting, there are other motivations for the study of (gen-
eralized) Kisin varieties. Emerton and Gee constructed in [13] the moduli stack
of (p,T')-modules which is considered to be a breakthrough in the p-adic Lang-
lands program. Some properties of this stack is related to Kisin varieties (see
for example [4]). Moreover, in a series of papers ([33], [34], [35], [36]) of Le, Le
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Hung, Levin and Morra on Breuil-Mézard conjecture and weight part of Serre
conjecture, they also use the structure of Kisin varieties.

The geometry of Kisin varieties has been studied by many people. For ex-
ample, the dimension of certain Kisin varieties has been studied by Caruso
[6], Hellmann [26] and Imai [28, 29]. In this paper, we are interested in the
set of connected components my(C\(p)) of the Kisn variety. Kisin proposed in
[31, 2.4.16] a conjecture on mo(C),(p)) when Endgr,j(p) = F (e.g. p is abso-
lutely irreducible). In the case of n = 2, the conjecture says precisely that the
Kisin variety has at most two connected components and this conjecture has
been solved by Gee [17], Hellmann [25], Imai [27] and Kisin [31]. For general
n, we know that C,(p) consists of at most one point if the ramification index
e(K/Q,) < p—1 by Raynaud’s result ([47, 3.3.2]). Besides this result, very little
is known about the set of connected components. Erickson and Levin studied
in [14] the Harder-Narasimhan theory for Kisin modules and defined a stratifi-
cation on Kisin varieties by the Harder-Narasimhan polygons. Caruso, David
and Mézard studied the the connectedness of the (generalized) Kisin varieties
associated to non-trivial Galois types ([7, 8]).

In this paper, we want to study the connectedness of Kisin varieties C),(p)
for an absolutely irreducible representation p. In this case, Kisin’s conjecture
says:

Conjecture 1.1 (Kisin). If p is absolutely irreducible, then C,,(p) is connected.

We will prove the conjecture when u is of a particular form or n = 3 with K
totally ramified. We also give counterexamples to show Kisin’s conjecture does
not hold in general.

We first reformulate Kisin variety in a group theoretic way.

Let k be the residue field of K. Let 7 be a uniformizer of K and let m,, := T
be a compatible system of p”-th root of 7w for all n € N. Denote K, :=
UnK (). Then pjp,_ is still absolutely irreducible ([1, 3.4.3]). By [53], the
absolute Galois group I'k_ is canonically isomorphic to the absolute Galois
group ') of the field of Laurent series. Hence the F-representations of I'x
can be described in terms of étale p-modules over k ®p, F((u)) (cf.[15]), where
the Frobenius ¢ acts on k®p, F((u)) as the identity on F and as the p-power map
on k((u)). Let (N, ®5) be the p-module of rank n over k ®, F((u)) associated
to the Tate-twist p(—1)|r,.__. Then

(N5, ®5) = ((k @r, F((w))", bp)

for some b € G(F((u))) with G = Resyr, (GLy). In the following, we will write
C,,(b) for the Kisin variety C,,(p).

Let T be a maximal torus of G. Let Y denotes the set of dominant cochar-
acters of T" with respect to a fixed Borel subgroup of G containing 7. It’s a
partially ordered set with the Bruhat order <.

Let F, be an algebraic closure of the finite field F, and L := F,((u)) be the
field of Laurent series with coefficient in F,,. By Breuil-Kisin classification ([30],
[31]), the Kisin variety can be described as follows:
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CLlb)(E,) = g € GL)/G(OL)]gbolg) € Uuers GOLWG(OL))
where the determinant condition can be interpreted as a dominant cocharacter
pw € Yt and o : G(L) — G(L) is an endomorphism induced from ¢. So
the Kisin variety C,(b) ® F,, can be seen as a closed subvariety in the affine
Grassmannian Fg = G(L)/G(Or) which is an ind-scheme over F,. Indeed, the
original definition of Kisin variety in [31] is not written in the group theoretic
way. It’s Pappas and Rapoport who first described Kisin varieties in [44] in the
form C,,(b) as we introduced. The isomorphism class of C,,(b) ® F,, depends on
the o-conjugacy class of b in G(L).

The group theoretic definition of Kisin varieties resembles that of affine
Deligne-Lusztig varieties which are moduli spaces of p-divisible groups with
additional structures. The only difference is the endomorphism ¢. For affine
Deligne-Lusztig varieties, it’s an isomorphism. But it’s no longer the case for
Kisin varieties. This change makes Kisin varieties much harder to study com-
pared to affine Deligne-Lusztig varieties. Much is known about the structure of
affine Deligne-Lusztig varieties by the study of many people, such as the non-
emptyness ([17], [20],[23], [32],[38],[46]), the dimension formula ([18], [21], [50],
[56]), the set of connected components ([9], [10], [11], [24], [41], [51]) and the
set of irreducible components up to group action ([22], [42], [54],[55]). One of
the powerful tools to study affine Deligne-Lusztig varieties is the semi-module
stratification which arises in a group theoretic way. For example, de Jong and
Oort used this stratification to show that each connected component of super-
basic affine Deligne-Lusztig variety for GL,, is irreducible ([12]). The second
author used this stratification to give a proof of a conjecture of Xinwen Zhu and
the first author on the irreducible components of affine Deligne-Lusztig varieties
([42], with another proof using twisted orbital integrals given by Zhou and Zhu
[55]).

In this paper, we want to apply this tool to the study of Kisin varieties.
We restrict ourselves to the case that p is absolutely irreducible, that is, b is
simple (cf. §3). The reason for making such restriction is that we can use
Caruso’s classification of simple p-modules ([5]) to get a good representative in
the o-conjugacy class of b (Proposition 3.3).

Note that G|g, ~ [, cpom(r5,) GLn. An element p € Y+ can be written in
the form p = (), with

pr = (pr (1), pe(n) €27 = {(a1, -+ ,an) €Z" a1 > az > -+ > an}.

Theorem (4.1, 4.6). Suppose b is simple and the Kisin variety C,,(b) is non-
empty, then C,,(b) is geometrically connected if one of the following two condi-
tions are satisfied:

(1) p = (H‘Q)T with pr(1) = pr(2) = pr(3) = -+ = pr(n) for all 7 €

HOHl(k', FP);
(2) K is totally ramified and n =3 (i.e. G = GL3).

The first part of the theorem recovers the main result of [25] when n = 2.



4 MIAOFEN CHEN AND SIAN NIE

We also give counterexamples to show that Kisin’s conjecture does not hold
in general (cf. §4.3).

As an application of this result, we obtain a connectedness result of the
deformation ring of p with conditions on Hodge-Tate weights. Suppose p: ' —
GL,(F) is absolutely irreducible and flat. Let R/’ be the flat deformation ring
of p in the sense of Ramakrishna ([45]). Consider a minuscule cocharacter

v Gm@p — (ResK‘Qan)@p,

where T, is the maximal torus of GL,, consisting of diagonal matrices. Write
RV as the quotient of Rf! corresponding to deformations of Hodge-Tate weights
given by v.

Corollary (5.1). The scheme Spec(Rﬁ"’[%]) is connected if one of the following
two conditions holds:

(1) vr = (1,0---,0) or central for all T € Hom(K,Q,);

(2) K is totally ramified and n = 3.

The group theoretic methods in this paper is new in the study of the structure
of Kisin varieties. We hope our techniques and results can find applications
within the new developments.

We now a give brief outline of the article. In Section 2, we introduce the
semi-module stratification which is the main tool for us to study the geometry
of Kisin varieties. In Section 3, using Caruso’s classification of simple p-modules,
we construct a good representative b in its o-conjugacy class. In section 4, we
prove the main theorem about the connectedness of Kisin varieties and also give
some counterexamples to Kisin’s conjecture. In section 5, we apply the main
theorem to get a connectedness result for deformation rings.

Acknowledgments. We would like to thank Brandon Levin who encour-
aged us to work on this topic. We thank Frank Calegari, Hui Gao, Mark Kisin
for helpful discussions and comments. We also thank the referee for careful
reading and useful comments.

2. SEMI-MODULE STRATIFICATION ON KISIN VARIETIES

In this section, suppose p is a prime number (we allowed p = 2).

2.1. Kisin variety for arbitrary reductive groups. Recall that L = F,,((u))
and Of, = Fp[u]. Let ¢y : L — L be the homomorphism given by Y, a;u’
>, aiuPt, where a; € Fy,.

Let G be a reductive group over F,,. Fix T' C B C G with T' a maximal torus
and B a Borel subgroup of G. Let R = (X,®,Y,®V) be the associated root
datum, where @ (resp. @) is the set of roots (resp. coroots) of G; X (resp. Y)
is the character group (resp. cocharacter group) of T, together with a perfect
pairing (,) : X xY — Z. Denote by ®* the set of positive roots appearing in B,
and by YT the corresponding set of dominant cocharacters. On Y we have the
Bruhat order denoted by <. Namely, for x,x’ € Y we have x < x’ if and only
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if ¥ — ¥’ is sum of positive coroots, where Y and Y’ are the unique dominant
conjugates of x and x’ respectively.

Let G(L) be the group of L-points of G. We have the Cartan decomposition
on G(L):

GIL) = [ Gop)uG(oy).
pney +
It induces a stratification of the affine Grassmannian for G in the strict sense,
i.e., for any p € Y,

G(0L)urG(01)/G(0r) = [] G(OL)"G(0L)/G(OL).

veyt
v<p

Fix an automorphism o of G that fixes T and B. Denote by ¢ the endo-
morphism of G(L) induced from ¢ and oq as follows:

o:G(L) 2% G(L) 25 G(L).

Let F be a finite extension of F),. Let b € G(F((u))) and p € Y+ such that F
contains the reflex field of the conjugacy class of p. Then the associated (closed)
Kisin variety is defined over F and with I_Fp—points given by

Cu(b)(Fy) = {g € G(L); 97 "bo(g) € G(OL)urG(OL)}/G(Or).

In the literature, Kisin varieties were defined for the groups of the form
G = Resyp, H and the automorphism oy is induced by the Frobenius relative
to k|F,, where k is finite extension of F, and H is a reductive group over k.
(cf. [44], [14]). In this case, the Kisin variety has the moduli interpretation that
parametrizes some finite flat models with H-structure of a Galois representation
with value in H ([37]).

2.2. Semi-module stratification of Kisin varieties. In the rest of this sec-
tion, we are interested in G' Xxp, fF,, and Cy(b) X Fp but not their rational
structure.

Let Ny C G be the normalizer of T. Denote by Wy = Np(L)/T(L) the Weyl
group, and denote by

W=YxW,={uwreY,we Wy}

the Iwahori-Weyl group. There is a natural action of W on the vector space
Ye =Y ®@R. For w = u"w € W we set @ = u"w with w € Nr(F,) some/any
lift of w. As o and o preserve T(L), we still denote by o and og the induced
endomorphisms on Y respectively. Notice that oy is an automorphism of the
root datum R and o = poy.

Lemma 2.1. Let w € W. The map wo : Yr — Y has a unique fized point.

Proof. Suppose Yr = R” for some n > 0. Then wo is an affine transformation
of the following form:

wo(zr) = pAz +y,Vz € Y = R,
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where y € R™ and A € GL,(R) is of finite order. Hence the eigenvalues of A
are all roots of unity and non of the eigenvalues of pA is 1. It follows that wo
has a unique fixed point in Yg. O

Let I C G(L) be the Iwahori subgroup associated to the fundamental alcove
A ={veEYR;0<{a,v)<1,Vaecd}

Namely, I is the preimage of B~ (F,) under natural map G(Or) it G(F,),
where B~ is the opposite Borel subgroup of B. Denote by
I, =UOL)T(1+vO0r)U(0Op) C I
be the pro-unipotent radical of I, namely the preimage of U~ (F,) under the
natural map G(0r) — G(F,). Here U (resp. U~) is the unipotent radical of B
(resp. B7).
For any r € N, denote by T(1 4+ u"Op) the image of (1 +u"Or)" C G (L)
via an isomorphism of algebraic groups Gy, ~ Tz , where n is the rank of T'.

It’s easy to see T'(1+ u"Or) does not depend on the choice of the isomorphism
G:ln >~ T‘Hj-p.
Lemma 2.2. Let b = & with w € W such that the (unique) fized point of wo
lies in A. Then the Lang’s map
U:G(L)— G(L)
h— h~tbo(h)b™!

restricts to a bijection I, = 1.
Proof. Let e € A be the fixed point of wo by Lemma 2.1. For r € Ry we denote
by I, C I the (normal) Moy-Prasad subgroup (cf. [40]), which is generated by
T(1+u!"0r) and U, (u*Or) such that —(a,e) + k > r. Note that I = Iy and
I, = I, for r > 0 sufficiently small. Let ¢ : G(L) — G(L) be the map sending
h to bo(h)b~1. Then W(h) = h=1u(h).

Claim: (I,) C I, for r > 0. In particular, the restriction of ¢ on I is
contractive, that is, lim,_, 4 ¢™(h) is the unit element in Iy for any h € I,.

The claim implies that ¥ is a bijection. Indeed, if the Claim follows, we can
define =1 : I, — I, such that

U (h) = (he(h)e(h)---) 7
This infinite product is well defined because of the Claim. Moreover, it’s easy
to check that ! is the inverse of W.

Now we prove the Claim. Write @ = w"w with 7 € Y and w € Wy. Then
e =wo(e) + 7 = pwop(e) + 7. One computes that

bo(T(1+u"TO ™ = T(1 +w?I"1OL) C T(1 +u/Pr1oL);
bo (Ua(uFOL)b™ = Upey (o) (@PFT 0700 ) C 1,
where the second inclusion follows from that
—(wog(a), e) + pk + (wog(a), 7y = —(wog (), pwog(e) + 7) + pk + (woo(a), )
=p(—(a,e) + k) > pr.
This finishes the proof. (]
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For A € Y, let U; (resp. U, ) be the subgroup of G generated by U, such
that Ay, > 0 (resp. Ao < 0), where

N a), ifaed;
T lNa) =1, ifaecdt

Note that U;“ and U, are opposite to each other. If there is no confusion, we
also write Uy (resp. Uy ) for UY (L) (resp. Uy (L)).

Lemma 2.3. The groups U;\[ are opposite mazximal unipotent subgroups of G.
In particular, if U uX or Uy uX intersects G(Or)uX' G(Oy) for some x,x' €Y,
then x < x'.

Proof. Let v € A, that is, 0 < (a,v) < 1 for all @« € ®*. Let 8 € ®. Then
we have (A — v, 8) # 0. Moreover, it follows by definition that (A —v,8) > 0
(resp. (A —w,5) < 0) if and only if Ag > 0 (resp. Ag < 0). This means that
U = H<A—v,B>>0 Ugand U, = H<>\_U7B><O Ugs are opposite maximal unipotent
subgroups. The second statement follows directly from [43, Lemme 4.2] (where
we take U = Uy, v = x, and A = /). O

Consider the following semi-module decomposition
Cu(b)(Fp) = Urey C (b)(Fp),
where each piece C(b) is locally closed subscheme of C,, (b) xpF,, with F,-points
CH(0)(F,) = (I G(0L)/G(O1)) N Cpu(b)(Fy).

Proposition 2.4. Let b = W, where & = u"w € W is as in Lemma 2.2 for
some T €Y and w € Wy. The following conditions are equivalent:
(1) C(b) is non-empty;
(2) u* € Cu(b)(Fy);
(3) M= A+ 71 +we(N\) < p.
Moreover, under these equivalent conditions we have
(a) C(b) is connected;
(b) C,(b) = {u*} if and only if
INU; NGO wGO)u™ = U (0L)u™,

where A = 1+ wo(\);
(c) Cﬁ‘(b) is wrreducible of dimension |R(X)| if p is minuscule, where R(\) =
{a € ®; 0y > 1, (o, \1) = —1}.

Proof. We first show the three conditions are equivalent. Note that u=*bo(u?) =
u . Tt follows the implications (3) = (2) = (1). It remains to show the
implication (1) = (3). Let ¢ : I — I, be the endomorphism of I, given
by h + bo(h)b~!. Let ¥ : I, — I, be the Lang’s map given by h
h=1i(h). By Lemma 2.2, ¥ is an isomorphism whose inverse is given by h
~12(h)~Y(h)"*h~t. Denote by my : I, — Iu*G(O1)/G(OL) the surjective
map given by b+ hu*G(Or). Then one computes that

T HONB)(F,)) = U (L N G(OL)wrG(O)u ),
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with AT = 7 4+ wa()\). In view of Lemma 2.3, we have the following Iwahori
decomposition (cf. [19, §13.1])

I =(INU)T(A+uO0n)(INUY).
Noticing that u=*(I N U, )T(1 +uOp)u* C I, we deduce that
(2.2.1) 1N 1ﬂmu_>‘T
= (INUDT(+u0r) (INUH) NuGOL)urG(OL)u ).
Suppose C’}i‘ (b) (Fp) is non-empty, that is,
(2.2.2) L NGO )urG(O yu ™ # 0.
Moreover, notice that AT = AT — X and
(2.2.3) u NI N U/\+)u>‘T =uMIN U;r)u)‘zf‘h C U/\+u)‘h
as Uy is normalized by u=* € T. Thus by (2.2.1), (2.2.2) and (2.2.3), we have
0% (I AU ) N GOTEO;) € U 1 G0, w07,

which means that A% < y by Lemma 2.3. So the implication (1) = (3) is proved.
Now suppose that the three equivalent conditions are satisfied. Choose n > 0
such that both I ﬁu/\G((‘)L)uNG(OL)u_/\Jr and I, Nu*G(Or)u~ are invariant

under the left multiplication by I,,, see the proof of Lemma 2.2. Then ¥ induces
an automorphism

\Ijn : I+/In :> I+/In
Now we have
CAB)(Fp) =m0 WM (I NG (O)ur GO )u)
~ g1, N G(OL)urG(OL)u™) /I, Nu*G(OL)u™
=~ W (1 N G(O)urG(O)u ™ /1) /(I N uG(OL)u)/1,).
As ¥, is an isomorphism, to show C[L\(b) is connected, it suffices to show
I, N GO GO /1,

is connected. In view of (2.2.1) and that (I NU, )T(1+4u0Oy) is connected, this
is equivalent to show

(INU) N GOL)u GO u> /T, nUY

is connected. Let & be a regular dominant cocharacter with respect to U;\".
Then the map z — 25hz~¢ defines an affine line connecting an arbitrary point
he (INU)NurG(OL)urG(OL)u=>' /I, N\U; and the identity 1. This finishes
the proof of (a).
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One computes that
(2.2.4) dimC)(b)
= dim(I; NGO GO u ) /I, — dim(I; Nu*G(OL)u) /I,
= dim(I N U)T(1 +u0L) (I NUF) N GOL)ur GO u ")/ I,
— dim(I N U)T(1 +uOL)(w U (Op)u™) /1,

=dim(I N U;H) NuG(OL)urG(O ) u ) /I, N U
— dim(u U (Op)u™) /I, N U,

where the second equality follows from (2.2.1) and
I Nu*G(Op)u™ = (INUN)TA +u0r) (U (Op)u™).
By (a), C2(b) = {u*} if and only if dim C})(b) = 0, that is,
INnUy ﬁu’\mu_AT = u’\UI(OL)u_’\
since
wWUT (O )u™ CINU N u’\mif)‘T

with both sides connected and are invariant under left multiplication by u*U;F (O )u=".
Thus (b) is proved.

Suppose g is minuscule. Then we have

Claim: Ui u* NG(OL)uM G(OL) = Ui (0L)u™ UsH (L)

Indeed, as u is minuscule, it follows from (3) that A% = w(u) for some w € Wy
By [43, Lemme 5.2] (where we take U = U;” and A = u) or [39, (3.6)],

UM G(OL) NGO G(0L) = TS (04)uM G(O).

So the Claim follows by noticing that G(O,) N Uy = Uy (0y).
Now we have

UM NG(OL ) G(OL) = U (0)u™ Uy (01) = U (01)(J] Ualt L))
aeD

where D = {a € ®; )\, > 0,{a, \%) = —1}. As A\ is minuscule, all the root
subgroups U, for a« € D commute with each other. Indeed, if U, and U,
doesn’t commute for a, @’ € D, then by [48, 8.2.3], there exists 4,7 € N5 such
that i +i'a’ € ®. Tt follows that (ia+i'a’, \f) = —i —¢’ < —2 which contracts
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the fact that A7 is minuscule. It follows that
(2.2.5) (INUH) N GO )urG(OL)u
= (INUF) NurGOL)u GO )u
= uMu NI AUt 0 GOL)uHG(OL))u
= M (™M UH)ue™) 0 (UF(O0L) ([ Ua(w™t00))u )™

aeD
:Iﬂ(( )\U+ —A H U (a,)\)—IOL)
a€eD
( XU+< —)\ Iﬂ H U <a7>\>_1OL>)
aeD
= (WU (O u™) T 10Ul ~1OL)
aeD
=@ \UH O™ [ Ua®Mor) J] Usw*M'0y)
aeD\R(A) aER(A)
= (u*UY (0 ) T Ual Fp),
aER(N)

where the fifth equality follows from that v Uy (Or)u=* C I; the sixth one
follows from that I N Uy = [Toca ., >0 N Ua); the last but one equality
follows from that

Uy (ude =109 if A\, >1
INU,(uM=10L) = { (u o) i

Uy (u™*0p), if Ay = 0.

In view of (2.2.1) and (2.2.5), I N uAG(OL)u“G(OL)u_M/In is irreducible.
Hence C}(b) is irreducible. For the dimension of C(b), we continue the com-
putation that we started in (2.2.4).

dim €A (5) 2" dim(1 0 U) 0w G(OL)wr GO )u ) /1, N Uy
— dim(u U (Op)u™) /I, N U

2.2.5) . Ay 1

2 dim H Uaé(u< A 'F,)
a€R(N)

= [R(N)I.

This finishes the proof of (c). d

2.3. Multi-copy case. Let G¢ be the product of d copies of G. For b € G(L)
and pe € Y¢ we define C,, (b) over F,, with F,-points:

Cpua (0)(Fp) = {ge € GU(L); 94 'ba0u(ga) € GI(OL)ur=G4(OL)}/G(OL),

where by = (1,...,1,b) € G4(L) and 0, : GY(L) — G¢(L) is the endomorphism
given by (g1, 92,---,94) — (g2,.-.,94,0(g1)). We still denote by o, the induced
linear map Y& — Y given by (v1,v2,...,v4) = (va,...,va,0(v1)).
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Lemma 2.5. Let pe = (pt1,...,1d) be a dominant cocharacter and let p =
g1+ -+ pg. Then the projection G4(L) — G(L) to the first factor induces a
surjection C,, (b)(F,) — C,(b)(Fp).

Proof. Note that

G(OL)UIMG(OL) . G(OL)UWG(OL) s G(OL)u“dG(OL) = G(OL)UNG(OL)
by [2] 4.4.4. The lemma follows by direct computation. O

Suppose b = for some @ = u"w € W. Set Wy = (1,...,1,10) = u™w, with
Te = (0,...,0,7) and we = (1,...,1,w). Let Ao € Y. Define

)\E = —)\. + Te + woao()\o);
d
R(\) = H{a € P (Ni)a =1, (o, (A2):) = —1}.

Moreover, we set Cﬁ‘:(b)(]Fp) =TI GY0L)/GYOL) N C,, (b)(Fp).

Proposition 2.6. Let je € Y be minuscule, and let b = W be as in Lemma
2.2. Then C’/;\:(b) # (0 if and only if 2 s conjugate to pe. Moreover, in this
case, Cpe (b) is irreducible of dimension |R(X,)|.

Proof. By Lemma 2.2, the endomorphism of Ijir given by ge > be0e(ge )by ! is
contractible. Hence the Lang’s map Ii — Ii given by ge > gs 1be0e(ge )by ! is
a bijection. Moreover, the fixed point of We0, lies in the fundamental alcove of
Y&, Then the statement follows the same way as Proposition 2.4 (c). O

3. CLASSIFICATION OF SIMPLE (o-MODULES

Suppose G = Resyr,H with k = F;, and H is a reductive group over k,
equipped with oy induced from the Frobenius relative to k|F,. We say b € G(L)
is simple if b ¢ P(L) for any o-stable proper parabolic subgroup P of G up to
o-conjugation. It’s equivalent to say the p-module

((k @, Fp((u))", bp)

over k ® F,((uw)) is irreducible, where ¢ is as in the introduction. Let B(G)
be the set of o-conjugacy classes in G(L). A o-conjugacy class [b] € B(G)
is called simple if all/some representative in this o-conjugacy class is simple.
Let B(G)s be the subset of B(G) consisting of simple elements. Notice that
C,(b) xr F, depends on the [b] € B(G). The goal of this section is to give a
good representative of b in its o-conjugacy class.

There is a natural identification G(L) = Hzf:1 H(L) with f = [k : F,]. Under
this identification, we have

o:G(L) — G(L)
(1‘1,"' "rf) — (@L(x2)7"' ,@L(xf),@L(xl))-

For the group H over k, we define Ty C Bpy maximal torus and Borel
subgroup of H such that T' = Resyp, Ty and B = Resyr, By. We also define



12 MIAOFEN CHEN AND SIAN NIE

Wo.u, Xu, Yi, Ax, ®w, @E in the same way for H. Then there is natural

identifications
f f

Y ~ HYH and X ~ HXH.
i=1 i=1
The endomorphism o : Y — Y is given by (hq, ha, ..., hf) = (pha,...,ph¢,ph1).
Using the Frobenius relative to Fp|k instead of the Frobenius relative to
F,|F,, we define similarly op : H(L) — H(L) and simple elements in H(L).
We also define B(H) and B(H), in the same way.
We can easily check the following lemma.

Lemma 3.1. There is a Shapiro bijection
B(H) ~ B(G)
'] — [0,

where b= (b/,1,---,1) € G(L) = Hlle H(L). Moreover, it induces a bijection
on the subset of simple elements B(H), ~ B(G)s.

From now on, suppose H = GL,,. Let Ty (resp. By) be the subgroup of di-

agonal (resp. upper triangular) matrices. We have the following identifications:
o Xy =0 Ze;~7Z", Yy = ?zlzeiv ~ 7™ with the pairing Xy xYy —

Z induced by (e;, e}) = di j;
P = U{Zl@H, where @, = {a; ; =€; —ej;1 <i#j<nk
o Ot = uleéz, where @, = {a; ;1 <i < j<nl;
Wo = W ;; with Wo g = &,
° A:A£I7withAH ={(z1, - ,xn) ERYz1 >0 >+ >, > 21— 1}.

We will need the following result of Caruso.

Proposition 3.2 (Caruso). Suppose [b] € B(H) is simple. Then there exists a
representative b = au”™ w' € [b] where

(1) a € H(F)) is central,

(2) w' € Wou = &, is the cyclic permutation given by i — i+ 1 mod n
for1<i<n;

(3) 7 =(m,0,---,0) € Yy = Z" such that % ¢ Z for any n'|n with
1<n <n.

Proof. By [5, Corollaire 8], we may assume b = a/u” w’ where w’ as in (2), o’ =
diag(af, 11- -+,1) with ¢} € F} and 7/ = (m,0,---,0). Let a = dia/g(c,-u ,C)
with ¢ € F} such that ¢* = a}. It’s easy to check g~ 'boy(g) = au™ w’, where
g = diag(c"~1,--- ¢, 1). So (1) is also satisfied. The condition (3) follows from
[5, Proposition 3] as a is central. O

Proposition 3.3. Ifb € G(L) is simple, then it is o-conjugate to some lift w
of W € W such that the fized point wo lies in AN (R Z)f” C R/ = Y;.

Proof. By Lemma 3.1, any simple element in B(G) is of the form [b], where b =
(t',1,---,1) and ¥’ is a lift of W’ = u™ w', where 7/ = (m,0,...,0) € Yy =Z"
and w' € Wy g = &, as in Proposition 3.2. Then b is a lift of @, := u"w where
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7= (7,0,---,0) €Y and w= (w',1,--- ,1) € W. Let e (resp. €’) be the fixed
point of w10 on Yg = R/™ (resp. @'y on Yy g = R") by Lemma 2.1.

Claim: e € (R\Z)'™. Moreover, e lies in some alcove Ay in Yg.

By the description of b, we can compute that

o= (M _mp mp"‘l)
T T T
Moreover
i j
(3.0.1) mp M ¢ Ztor0<i<j<n

pr—1 pr—1
by the condition (3) in Proposition 3.2 combined with the easy fact that
ged(p™ — 1,p — 1) = psedlonas) —1
for any positive integers a; and ap. In particular, taking i = j — 1 in (3.0.1)
7;51_711 ¢ 7Z (for 1 < j < n) and hence ¢ € (R\ Z)". Note that the

action of (bo)f on G(L) = Hlle H(L) stablizes each component of H(L) and
its restriction to the first component equals to ¥'o . It follows that

implies

€= (elvpela e 7pf716/)'

This implies the Claim.
Let z € W such that A; = 2(A) and let @ = z~'w;0(z). Then the fixed
point z71(e’) of wo lies in A as desired. O

4. MAIN RESULTS
In this section, let G = Resyp, GL,. Then Gj =~ (GL,,)! with f = [k : F,).
We will prove two connectedness results for the Kisin variety C,,(b).
4.1. The first result is the following for p of particular form.

Theorem 4.1. Let b € G(L) be simple and jp = (p1,- -+ ,puy) € (Z™)F such that
wi(1) > pi(2) = -+ = pi(n) for all1 < i < f. Then C,(b) is geometrically
connected if it is nonempty.

Remark 4.2. Theorem 4.1 is proved in [25, Theorem 1,1] for n = 2.

In order to prove this theorem, we need a connectedness result for Kisin
varieties in the multi-copy case (cf.§2.3). For any positive integer d, consider
the group G?. Let N = df. We fix two identifications:

(4.1.1) yd ~ (zmN
Ve = (v1,...,uq) — (v1,---,0"),
where viT(—Dd — v, forany 1 <i<dand1 <j < fwitho, = (vi,... ,vi,f) e
Y = (Z")f and
Wéi = (Gn)N
we = (Wi, ..., wy) — (w, - wh)
where w'TU=De = 4, & with w; = (wi1,...,w; ) € Wy = &,

For v, € Y? and w, € W¢, we also define vV 1 := v and w1 = wl.
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Let wy = (1,0,...,0) € Z". Let pe € Y. Write pe = (1%, ..., V) € (Z™)N
via the above fixed identification Y¢ = (Z")" (4.1.1), and suppose that u* =
mFw) with m* € {0,1} for all 1 < k < N. Let b € G(L) be as in Lemma 2.2.
We consider the variety C),, (b) introduced in §2.3.

Theorem 4.3. Let j14 and b be as above such that C,,, (b) # (0. Then there exists
a unique Ao € Y% such that dim Cﬁ‘_’ (b) = 0. Moreover, C,,, (b) is connected.

We first use this result to prove Theorem 4.1

Proof of Theorem 4.1. First note that for any u/ € YT and any central cochar-
acter X’ € Y we have the identification

C (b) = Crrgy (ux/b)-

Setwy = (1,...,1) € Z". Let x = (—pm1(n)w,’,...,—pr(n)wy) € Y be a cen-
tral cocharacter. Then by replacing p and b with p+x and uXb respectively (and
using our assumption on x), we may assume that g = (miwy, ..., myswy) with
mj € Zxo for 1 < j < f. Thus there exist d € Z>1 and p; = (i1, ., i f) €
Y = (z")f for 1 < i < d such that p;; € {0,wy} C Z" for all 1 < i < d
and 1 < j < f. Let e = (pt1,...,1q) € Y?, which satisfies the assumption of
Theorem 4.3.

By Proposition 3.3, we may assume further that b satisfies the condition in
Lemma 2.2. Now it follows from Theorem 4.3 that C,, (b) is connected. So
C,(b) is also connected as there is a surjective map C,,, (b) — Cy(b) by Lemma
2.5. U

Now it remains to prove Theorem 4.3. We need some combinatorial prepa-
rations.
For any v = (v(1),--- ,v(n)) € R™, let
o o) = {o(k) 1<k <n} CR
o () =v(l)+---+o(n) €R,
e §(v) = (v) —nminv] € R,
o h(v) =32 [v(i) — minfv]] € Zxo.
Note that h(v) < §(v) < h(v) +n — 1. Moreover, h(v) = 0 if and only if
max([v] — min[v] < 1.
Define ¢(v) € R™ such that

)0 = {v(z’) —1, if v(é) = max[v]

v(1), otherwise.
For | € Z~g, set ¢'(v) =g o---o0¢(v), where ¢ appears [ times.

Lemma 4.4. Let e € R™ such that e(i) —e(j) ¢ Z for 1 < i < j < n. Let
v,v" € Z™ — e such that (v) = (v').

(1) 6(s(v)) = 6(v) — 1 and h(s(v)) = h(v) — 1 if h(v) > 1;

(2) h(s(v)) = 0 if h(v) = 0;

(3) v="2"if h(v) = h(v") = 0;

(4) 6(v) < §(v') if and only if h(v) < h(v');

(5) 0(s(v)) < 0(s(v")) if d(v) < O(v');
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Proof. Notice that [v] consists of exactly n elements. Then statements (1) and
(2) follow by definition.

(3). Suppose h(v) = h(v") = 0, that is, max[v] —min[v], max[v'] —min[v'] < 1.
Note that v — v € Z™ and (v —v') = 0. If v —v" # 0, then there exist
1 <i# j < nsuch that v(7) — v'(i),v'(j) — v(j) € Z>»1. Thus

(i) = o(j) = (v(i) = v'(9) + (v'(i) =" (4)) + ('(§) —v(j)) > L =1+ 1=1,
which is a contradiction.
(4). Suppose h(v) < h(v'). By (1) we may replace v, v’ with ¢"(*)(v), ¢"(¥) (v/)
respectively so that hA(v) = 0. In particular, §(v) < n— 1. To show §(v) < §(v")
we may assume h(v') < 6(v') <n—1. By (1) and (2) we have

R () = b () =0,
which means ¢"(*") (v) = ¢"*) (/) by (3). Write
[ )] = [0 (0] = {an,. - aal,
where 71 < 29 < -+ <z, € R. As h(v) =0, we deduce that

[v] = {Zh(v)4+15 Tho) 425 - - s Ty T+ Lz + 1,000 2y + 1,
which means that
5(v) = (")) = np 1 + B < (L)) = nay+ B = 5(),
where the equality holds if and only if h(v') = 0 = h(v). This finishes the proof

of (4).
(5). If 6(v) < §(v'), then h(v) < h(v') by (4). So h(s(v)) < h(s(v")) by (1)
and (2), which means 6(s(v)) < d(s(v')) by (4). O

Let 0o : GY(L) — G(L) be the endomorphism defined in §2.3. Then the
induced linear map oo : (R™)Y =Y — Y& = (R") is given by

2 N)

(vl 02, .. Ly? .6N_11}N,6N’U1)7

— (e v, ..
where €¥ = p if k € dZ and €* = 1 otherwise.

Lemma 4.5. Let jio and b be as in Theorem 4.3. Let \e,ne € Y such that
Che(b) and CJl+(b) are both non-empty. Then (AFY = (n*) for any 1 <k < N.

Proof. By Proposition 2.6, —Ae + Te + WeTe(Xe) and —1e + Te + WeTe(1s) are
both conjugate to pe. In particular, for any 1 <k < IV,

(AF) = (") = " () — ().
Therefore
M) = (") = (T e = ") = pP (AF) = (")),

1=

—

and the result follows. O

Proof of Theorem 4.3. We first show the existence of \q with dim C;)}.'(b) =0.
Indeed, let Ay € Y be such that Cje (b) # 0 and dy, := dim I%u**G4(0)/G(0)
is as small as possible. If dim CI’): (b) > 0, then C[L\.' (b) is irreducible of dimen-
sion > 1 by Proposition 2.6. So C’;‘: (b) is a closed (non-projective) subvariety
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of the affine space I%*G4(OL)/G4O ), whose closure Cpe (b) must intersect
IuXGH(O0L)/GY(Oy) for some X4 # Ae. So CXe(be) # 0 and dy, < dy, since

I+ G40L)/GY0OL) C TurGa(O0L)/G4(OL).

This contradicts the choice of A\,. Therefore, dim C’;‘: (b) =0.

It remains to show the uniqueness of A\, with dim Cﬁ‘: (b) = 0. We need two
Claims.

By assumption, b = w for some ¥ = u"w € W such that the fixed point
e € Yg of wo lies in the fundamental alcove A. Set eq = (e,...,¢e) € (Yr)¢ and
e =(1,...,1,W) = u™w,e with 7¢ = (0,...,0,7) and we = (1,...,1,w). Let
e = Ao — €4 € (RN,

Fwk (A1), if m* = 0;
c(Fwk (ALY, if mF = 1.

Claim 2: there exists 1 < ko < N such that h(A\*) = 0.

Assume these two Claims for the moment. Suppose there exists another
cocharacter 1, € Y with dim CJls(b) = 0. Let fje = e — €o. Then (AFY = (7F)
for any k by Lemma 4.5. We may assume 0(A!) < 8(7'), and it follows from
Claim 1, Lemma 4.4 (4) and (5) that §(A¥) < 8(7%) and h(\F) < h(7*) for any k.
By Claim 2, there exists ko such that h(7%°) = 0 and hence h(7*0) = 0 = h(\*0).
By Lemma 4.4 (3), we have Ako = fko . which implies by Claim 1 that o = i
for any k as desired. This proved the uniqueness of \,.

Now we prove Claim 1 and 2. For Claim 1, as ¢4 = WeTe(€e) = Te +WeTe(€s ),
we have A3 = =\, + weoe(Ae). Therefore we have (AH)F = —AF 4 ekgpk (AFF1),
As e is minuscule, it follows from Proposition 2.6 that A s conjugate to fie-
It’s equivalent to say (Af)* and p* = mFw) are conjugate under &,,. If m* =0,
Claim 1 follows. Now assume m* = 1, then (A\%)* and wy are conjugate. So
there exists 1 < ip < n such that (\H)*(i) = 1 if i = ip and (A\))*(5) = 0
otherwise. Equivalently,

. {ekwk(x'fﬂ)(i) if i # i

=2

>

Claim 1: \k = {

FwF (A (0) =1 if i = 4.

Let z = wF(AF1)(ig) € [A¥1]. Notice that [\*] consists of exactly n ele-
ments. In order to prove Claim 1, it suffices to show that z = max[j\kﬂ}. If it’s
not the case, then w®(A\*t1)(iy) = max [\*+1] > z for some 1 < iy # ip < n.
Thus A (i) = € max[A\¥+1] and A¥(ig) = ebz — 1. Let o = oy, 4, € ®. We will
show a € R()\,) which contradicts the fact that dim Cﬁ:(b) = |R(Xe)| = 0 by
Proposition 2.6. Indeed, we have

(o, (A9) = (A)* (@) — (A (i) = —1,
and moreover,
(a, \¥Y = (@, A*) + (o, €F) = " max[ N+ — (P2 — 1) + (o, €F) > 1+ (a, €.

As eF lies in the fundamental alcove, we have —1 < (a,e*) < 1. Moreover
(a,\F) > 2 if @ > 0 and (o, A\¥) > 1 if @ < 0. So (M\¥), > 1 and hence
a € R(A.). This finishes the proof of Claim 1.
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For Claim 2, suppose that h(;\k“) > 1 for any k. It follows from Claim 1
that min[\¥] = €¥ min[\**!] for any k. In particular,

N
min[\F] = (H ") min[\*] = pf min[\¥],

=1

which means that min[A¥] = 0. This is impossible since b is simple and [e¥]NZ =
() by Proposition 3.3. This proves Claim 2.

It remains to show C,,, (b) is connected. For any vs € Y4 such that Cre(b) #
0, by Lemma 2.6, C};2(b) is irreducible. It suffices to show that C}+(b) and
C;}:(b) are in the same geometrically connected component. We argue by in-
duction on d,,, = dim [%u"*G*(Or)/G*(Or). If dim Cls(b) = 0, then vy = A,
and the statement follows. Otherwise, Cy2 (b) intersects I9uX*G¥(O01)/G%(Or)
for some xo such that d,, < d,,. By induction hypothesis, C}; (b) is connected
to Cje(b). So Cye(b) and Cjs (b) are in the same geometrically connected com-
ponent as desired. O

4.2. Now we show the second connectedness result for the totally ramified case
with n =3 (i.e. G = GL3).

Theorem 4.6. Suppose G = GL3 and b is simple, then C,,(b) is geometrically
connected.

Proof. By Proposition 3.2 and 3.3, we may assume b = au”w satisfies Lemma
2.2 with a € G(F,) central, 7 € Y and w € &3 of order 3. Obviously C,,(b) =
C,(uw), so we may assume a = 1. Let

S:={\e Y|\ <}

where A% := — A+ 7 +wao(\) as before. By Proposition 2.4, it suffices to connect
the points {u* € C,(b)(F,)|A € S} inside C,,(b). The result follows from the
following two claims.

Claim 1: Suppose X = X — oV with A\, N € S and " is a coroot, then u*
and u?" are in the same geometrically connected component of C,,(b).

Claim 2: For any different A\, N € S, there exists a chain of elements
Ao, - A € S for some r € N such that A = Ao, M = A\, and \j11 — \; is a
coroot for any 0 <4 <7 —1.

We first prove Claim 1. Let U, C G be the root subgroup of G corresponding
to a. We fix an isomorphism G, ~ U,. For any F,-algebra R, we write
Uq(x) € Uy(R) for the image of z € R via G, ~ U,

For any z € F,, let g(z) := v U, (u™12).

We verify that g(z)G(0r) € C,(b)(F,). Note that

g(x) " tbog(z) = Ua(—u_lx)u’\h Upa(u™Px).

By a SLy-computation, we get

Ug(u™™z) € U_g(u™a™Hu=" G(O})
for any positive integer m. So g(z)~tbog(z) € G(OL)urG(Oy) if
N —pwa¥ < p, A +aY < pand M = A+ oV — pwa < p.
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The first two conditions are implied by the third one as (o, wa") = —1, and
the third condition is automatic as ' € S.

Therefore, g(z) defines an affine line g : A — C,,(b). As C,,(b) is projective,
g extends uniquely to g : P* — C,,(b). It’s easy to compute g(co0) = u". Hence
u* and v’ are in the same connected component.

Now it remains to prove Claim 2. Let \,\’ € S. Then A — ) is in the
coroot lattice. Indeed, write A = (A(1), A(2), A\(3)) and similary for X, 7 and
u. In order to show A — X is in the coroot lattice, it suffices to show that
Z?:l A(d) = 2?21 N (i). Without loss of generality, we may assume w = (123)
(and the computation for the other cases are the same). By the definition of Af,
we get

A= (A1) + 7(1) + pA3), =A(2) + 7(2) + pA(1), =A(3) + 7(3) + pA(2)).
The condition \! < i implies that

3 3
(0=1Y A0+ 7(0)

=(=A(1) +7(1) + pA)) + (=A(2) + 7(2) + pA(1)) + (=A3) + 7(3) + pA(2))
3
=" u(i).
=1

We have a similar condition for A’. Then Z§:1 (i) = Zf’zl X (i) follows from
the difference of the two equalities for A and ).

Note that o + way + w?ay = 0 for any coroot o). It follows that we can
always find a coroot a such that

N — X =nia) +naway
with ny = max{|n1|, |nz2l,|n1 — na|}. In particular ny > ng > 0. We will prove
by induction on n;. Let o := w'~'aY for i € N.

If ng = ny or 0, then ' — A =nya" is a multiple of the coroot o where o
equals to —ay (resp. ) if na = ny (resp. ny = 0). Then A+ naV € S for
0 <n <ni;. We are done.

Now we may assume n; > ng > 0.

Claim 3: A+af € Sor A —ay € S.

Suppose Claim 3 holds for the moment. Notice that —ay = oY +ay, we can
apply induction hypothesis to the pair (A — ay, ) if A — ay € S or to the pair
A+ af,N)if A+ ) € S. This proves Claim 1.

Now it remains to prove Claim 3. Suppose Claim 3 does not hold. Without
loose of generality, we may assume a3 = (1,—1,0) and as = (0,1, —1). Then

A — 2B (n1+ pna2)oy + (pn1 — (p+ D)ng)ay
= N+ (=1 = png, (p+ D)ng — g, —pny + (p+ Lng).
In particular,
A+a)) =N+ (-Lp+1,-p)
A—ay)t =N+ (=1—p,p1).
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Write A = (a1, a2,a3). As X' < pand Af < g, we deduce that (A +ay ) £ p is
equivalent to az —p < min[u] and (A—a¥)? £ p is equivalent to az+1 > max[u],

where max[y] = max{u(1), n(2), u(3)} and min[p] = min{u(1), u(2), u(3)}.
Therefore,

max[p] — min[p] < 1+ p.
On the other hand, the fact that \'* < y and A < p implies

max|u] — minfp] > ny +png 2 p+1,

which is impossible. O
4.3. In general, C,(b) is not connected. We give two counter-examples.

Proposition 4.7. (a) Let G = GL4, b = u%20(1243) € G(F,((u)) and
w=2p—1,p,p,1). Then
CulB)(By) = Culb)(Fy) = {10 110},

(b) Let G = Resyr,GL3 with [k : F,] = 2. Choose F containing k. Then
the group Gp ~ GL3 x GL3. Let b = (u®%V(123),u*0V) € G(F((v)) and
w=((p+1,0,0),(p,p,0)), then

Cu(b)(F) = Cu(b)(F,) = {u*,uX'},
where x = ((1,0,1),(0,0,1)) and x’' = ((1,1,0),(1,0,0)).
Proof. For A € Y we set D(\) = {a € ®; )\, >0, (o, \F) < —1}.
Claim: if ¥ is conjugate to p, and A, = 0 for a € D()), then CH(b) = {ur}.
Indeed, as A% is conjugate to u, we have

UM NGO wrG(OL) = U (00)u Uyt (01) = U (02)( [ Ua@w®*Vop))u.

a€D(N)
For ao € D we have A, = 0 by assumption and hence
TN Uy (ul@N @9y = A UL (O )u .
Thus
(INU) N GOL)urGOL)u™
= U O J] 10 Ua(uleN e o)
aeD(N)
= U (Op)u™?,
which means C(b) = {u*} by Proposition 2.4 (b). This concludes the Claim.

In the case (a), one checks directly that CL\ (b) # B, or equivalently \* < p,
if and only if A = (1,1,1,1) or A = (2,1,1,0). In the former case, we have
Iu*G(0L)/G(Or) = u*G(OL)/G(Or) and C = {u*} since X is central. In the
latter case, one checks that A satisfies the conditions of the Claim and it follows
that C})(b) = {u*} as desired.

In the case (b), one checks directly that C3(b) # 0 if and only if X =
x or A = x. If A\ = x/, then X\ is dominant and minuscule, which means
IurG(0L)/G(0L) = v*G(01)/G(01) and C)(b) = {u*}. If XA = x, then the
conditions of the Claim are satisfied and hence C})(b) = {u} as desired. O
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5. APPLICATION TO DEFORMATION SPACES

In this section, we assume p > 2. Suppose p : I'x — GL,(FF) is absolutely
irreducible and flat. Here flat means that p comes from a finite flat group scheme
over O . Let R/! be the flat deformation ring of 5 in the sense of Ramakrishna
([45]). It’s a complete local noetherian W (IF)-algebra.

We consider the conjugacy class {v} of a minuscule cocharacter

v: Gm,@p — (ReSK‘QpGLn)@p.

Let T,, be the maximal torus of GL, consisting of diagonal matrices. We
may assume that v is dominant and has image in Resg|g, T}, g, Write v =
(Vs)seHom(K,Q,) With

vs=(1,---,1,0,--- ,0) € X,(T,) = Z".
——

Us

We deonote by Rfb¥ for the quotient of Rf! corresponding to the deforma-
tions £ : Gx — GL,(Og) with E an extension of W(]F)[%] that contains the
reflex field of {v}, such that Hodge-Tate weights given by v, i.e., for any a € K,

dgt(a|Dcm’s (g)K/FﬂODcris (g)K) = H (S(G)U‘s.
§€eHom(K,Qp)

Corollary 5.1. The scheme Spec(Rﬂ”’[%]) is connected if one of the following
two conditions holds:

(1) v =(1,0---,0) or central for all 7 € Hom(K,Q,);

(2) K is totally ramified and n = 3.

Proof. Suppose the restriction to G of the Tate-Twist p(—1) corresponding
to an absolutely simple ¢-module

((k @, )", byp)

of rank n over k ®@p, F, where b € Resyr, GL,,(F).
The cocharcter v comes from a cocharacter over Zp that we still denote by

v:Gp,z, — (Resgiz, Tn)z, -

Therefore, we obtain a cocharacter
vxz Fp _
p(v) :Gp, — (Resogz, (Tn)) Xz, Fp = Resyr, (Tn)g, ,
where the second arrow is the natural map induced from O ®z, I_Fp — k®p, ]Fp.
More concretely, write pu(v) = (u(V)7)rctomi,r,) With p(v), € Xu(Ty) = Z".
Then for any 7 € Hom(k,F,),

M(V)T = Z Vs,

seHom(K,Qp)

S=r
where § is the embedding of the residue fields induced from §.

By [31, 2.4.10], the connected components of Spec(Rﬂ’”[%]) is in bijection
with C,,)(b) (We use different notations as in loc. cit., the deformation ring
R%" is denoted by RY in loc. cit. and the Kisin variety Cuv)(b) is denoted by
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SRy, o in loc. cit.). Note that condition (1) is equivalent to u(v) = (u(v)-)-

with () = (u(¥)e (1), p(0)2(n)) such that u(v) (1) > p(V)e(2) = --- =
wu(v)-(n) for all 7 € Hom(K, Q) which is exactly the condition of x in Theorem

4.1. Hence the result follows from Theorems 4.1 and 4.6. (|
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